ON A THEOREM OF AX.
Introduction.
0.0. Let k be a finite field of characteristic p, having q =pa elements.
We will be concerned with estimating the number of simultaneous zeroes of a collection of polynomials in several variables over k, when the number of variables is suitably large compared to the degrees of the polynomials.
I n order to formulate our result, it is convenient to introduce some notations. For any non-empty finite set S, let lc[S] denote the polynomial ring on variables indexed by S, and put AS= Spec (lc [S] ) . Consider a family of non-constant polynomials fi in k [S] indexed by a second non-empty finite set T, i. e., a mapping f : T + = the set of non-constant elements of lc [X] We put di = degree (f*).
To such a family of polynomials, or, as we shall say, to a triple (S, T, f ) as above, we attach 0.1. the closed subscheme V(S, T, f ) of AS defined by the annullation of the f4, i E T. 0 2. the integer N(S, T, f), defined as the number of points of V(X, T, f) with values in lc.
the integer (S, T, f ) , defined as the least non-negative integer which is 2
The purpose of this paper is to prove THEOREM1.0. N ( 8 , T, f ) I0 modulo q~(~'~' f ) .
The idea of obtaining a p-adic congruence for N ( S , T , f ) is due to By [3] , the zeta fanction is a rational fanction, to which applies Fatou Consider now a triple (8, T, f ) as in 0.0, which is homogeneous, in the sense that each of the polynomials fi, i E T, is homogeneous. Putting P ( S ) =P roj (k[S]), we denote by X(S, T, f ) the closed subscheme of P ( S ) defined by the annullation of the f%, i E T. Combining 1.0 and 2.4, we find PROPOSITION Let (8, T, f ) be a homogeneous triple such that 2.5. X(S, T, f ) is a smooth complete ihtersection of dimension,
Then, for every prime 1# p, every proper value of 8 acting on Primn(2 (S, T, f ) ,Qr)
is of the form q~(S1T.f) (an algebraic integer).
2. 5. We now explain the connection with Hodge cohomology. As before, let XJk be a projective and smooth complete intersection of dimension n.
For each pair of positive integers (p, q) with p +q =n) we define integers These integers depend only on the dimension of X and on its multidegree [2]. We also define integers
these are the dimensions of the primitive parts of the spaces H~( X , W X / T~) .
We now define the ('primitive Kodge co-level" of 2,v(X), to be the least integer a such that ho"sn-a(X) f 0 ; if hoajn-a(X) = O for every a, we put v(X) =oo. Deligne [2] has proven :
PROPOSITION Let (S, T,f) be as in 2.5, and suppose that supiE~(di) 2.7.
(so that X ( 8 , T, f ) is not a linear subspace of P ( S )). Then
Combining 2.5 and 2.7 gives THEOREN 2. 8. Let X/k be a projective and smooth complete intersection of dimension n. Then every proper value of 8 acting on Primn(8, Qr) is of the form qvcX) (an algebraic integer)
The theorem is vacuous in case X is a linear subspace of projective space, as Primn(8, Qr) is then reduced to zero.)
We conclude this section by formulating a conjecture generalizing 2.8, whose truth in the case of hypersurfaces (of degree prime to p ) is due to Dwork Let 23 be the category whose objects are pairs where L is a K-Banach space, and a a completely continuous [9] endornorphism of L as Q, (&) -Banach space, which is 7-l linear (i. e. for b E E and 7 E L, a (b7) =T-I (b) a (7) ), and whose morphisms are K-linear continuous maps compatible with the given endomorphisms. Notice that the a'-th iterate @ of a is a completely continuous endomorphism of L as a E-space, (recall that a = degree (k/F,) = degree (K/Q, (l,) ) ), whose trace verifies where 1 1 11 denote the operator norm of Q, (p,) -linear endomorphisnls of L. 
3.6.
We must now implement the program of 3.5, which will require going back to the definition of ( L (8,T ,f ) , a (8,T ,f ) ) . To fix ideas, we suppose S = (1,. . . ,N ) , T = (1,. . . ,r).
3.6.0. Let P be a prime element of DK (SO that or&
which is a zero of the power series in t
(there are p -1 possible choices of such a =--we fix one). We note that multiplication of power series makes L ( X , T , f ) into a Banach algebra.
Rather than directly define L ( S , T , f ) , we first define the DKmodule L ( S , T , f ) consisting of the elements 7 of L ( S , T , f )

For each integer v 2 0, we define L@) ( S , T , f ) to be the free DK-module having as basis all monomials verifying
We note for later use the decomposition (of Dk-modules)
We now turn to defining a(#, T, f ) , beginning with some preliminary definitions.
3.6.7. Let PI,. . . ,P, E D R [ X~, . . . ,XN] be the unique homogeneous polynomials of degrees dl,. . ., d,, whose non-zero coefficients are all q-l-st roots of unity, and which reduce modulo ( a ) to fl, . . . ,f, E k [XI, . . . ,XN] .
We write each Pi as a sum of monomials We denote by E ( t ) the Artin-Easse exponential series 3.6.8. We can now define a (8, T, f ) :
i.e. for T E L ( S , T , f ) , Note that, as H ( S , T, f ) E E(S, T, f ) , 3.6.11 g i~e s THEOREM OF 0.
3.7. We can now define (D(S,T,f),y(S,T,f)). For each integer v 2 0, we put 3.7.3.
we have the decomposition (of bg-modules)
vzo From 3.6.14 we find 3.8. We can now prove 3. 5.1.
iI Y (8, T, f ) il 5 1 P~ 1.
+~~~
Indeed, by 3.7.5, it suffices to prove
Proof. We must show that if ZUXVED(S, T, f ) , then 2 u t 2 Card(T) +/r.(S,T,f).
( E T
As ZUXV E D (S, T, f ), we have Thus we find
Q.E.D.
i s T supi < T (di) 3.9. To establish 3 . 5 . 2 and finish the proof of 1.0, we first note the direct sum decomposition of L (8, T, f ) :
according to which of the exponents of a monomial ZUXV is strictly positive.
We next choose a total ordering < on the set of all pairs (A, B) where A (resp. B ) is a non-empty subset of S (resp. T ) which satisfies the following property One checks immediately that each of these subspaces is stable under a(#, T, f )
The desired filtration of (L(8, T, f ) ,a (S, T, f ) ) is by the subobjects The desired decomposition 3 . 5 . 2 of the associated graded object now follows directly from the definitions. TBis completes the proof of 1.0.
4.
We will now prove that 1.0 is "best possible" in the following sense :
PROPOSITIONGiven non-empty finite sets S and T, and a mapping Proof. We first consider the case y (8, T, f ) =0, i. e.
We will construct an f as above so that 4.0.4. N(S, T, f ) = 1.
To do this, choose a covering of S by non-empty subsets {S*}(<T, chosen so as to have
For each i E T, we let ti((), j E Xi be Card($) linearly independent (over k) elements of kdi, the extension of k of degree di. We now use the norm from kd4 to define fi:
Clearly 
i v ( S ,T ,f ) = N ( S ' , T', f') .hT(S"', T " , y )
=N (S", T", f") by 4.0. 9. The conclusion now follows froin 4.0.9, since by construction we have 4.0.13.
P(#", TY',f")= P ( S , T , f ) .
Q. E. D.
